ODE — Method of Frobenius Fullerton College

Consider the equation

2y + ap(x)y + q(x)y =0 (1)

where = 0 is a regular singular point. Since p(z) and ¢(z) are analytic at « = 0, they can be
represented as

(oo} oo
p(z) = anxn and g(x) = Z gnx", for |z[ <R
n=0 n=0
for some real R > 0. Let r; and 75 be real roots to the indicial equation:

’I“(’I“—l)-‘rpo’l“-f—(]ozo (2)

with 71 > ro.

Theorem (Method of Frobenius)

The two linear independent solutions to (1) on (0, 00), with a regular singular point at = 0, and roots
r1 and ro to the indicial equation (2) can be determined as follows:

1. If r; — 79 is not an integer,

oo oo
Y1 = Z apx™t and  yp = Z bt
n=0

n=0

2. If ry — ry is a positive integer,

Y1 = Z ap,x"™ and Yy = Ay In(z) + Z by T2
n=0

n=0
where A is a constant and may turn out to be zero.

3. Ifry=ry=r,

0o oo
Y1 = Z anx'rH»r and Y2 =W 111(3']) + Z bnanrT’
n=0

n=0
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Exercises

For each equation, (a) find the roots of the indicial equation and give the general form of the solution, (b)
determine the recurrence relation for a,, then (c) find two linearly independent solutions on (0, c0). If
you cannot determine a general pattern for the coefficients of your power series, write the first 4 non-zero
terms.

1. 32%y" —2(xz +8)y +6y =0 4. 2%y +xy —(1+2)y=0

2. 42%y" + 32y + 2y =0 5. 2%y" +5xy' + (x +4)y =0

3. 2%y + 2%y —2y=0 6. 2%y —x(x+3)y +4y =0
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Answers
1 (a’) ry =3, 7”2*%,2/122%1257”3, yQZZb n+2/3
n=0 n=0
n+ 2 3n—1
b nzinf;bnzibnf
(b) an = Sy Ant 3nG3n_7) "
(n+1)(n+2) 073 %= (30 —4)(3n — 1)
(¢) y1 = apz® +22Hk13k+7) P Y2 = box nz::O 1 nl.3n

oo oo
2. (a) =14, r2=0;y1 = Zan$"+1/4; Y2 = anx";
n=0 n=0

1 1
(b) Ap = —W(In—h by, = —mbn—l
_ 1/4 1 b 1 n
() y1 = aoz +vank14k+1) ’ 0 +Z,Hzl4k_1)$]

o0
3. (@) =2ry=-1iy1 =Y anz"% gy = Ay In( Zb 2"

n+1
b) ap = ————an—
( )a n(n—kS)a 1

1 3 1 1 1
(¢) y1 = apa? (1 —or 2—0:52 - %x?’ + ) = by < - 2)
4. (a) ry=1,1r, = —1; y1 = Zan:c”H; Yo = Ay1 1n(m) + anmn—l;
n=0 —_

1
b) a, —
(b) n(n+2)a !

S ! 1 13

e - n+1, — 3 1 _ b 1 _ L 19y
(c) 11 ao; 2t Y= n(z) — box~ ( z+ 12x + 565+ -
0 o
5. (a) T =T = —2, Y1 = Z anxn72; Yo =1 ln(x) + Z bnm’n72;
n=0

1
(b) ap = ——50n-1

- (_1)n n—2 2 3 11 25 2

= R TR N

(c) 11 aOnZ:o )2 2" 7% yo = y1 In(x) + by " + 108 = +

o0 o
6. () ri=ro=2y1 = ana" %y =prln(x)+ > bya"t?
n=0 n=0
n+1

n2

(b) an =

Gp—1

B n+1 nto 3 13 31 1733
)y = GOZ i Y2 = y1 In(x) — box 3+4x+18x +288 + ..




